Entanglement, Detection, and Geometry of Non-classical States 
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Non-classical states that are characterized by their non-positive quasi-probabilities in phase space 
are known to be the basis for various quantum effects. In this work, we investigate the interre- 
lation between the non-classicality and entanglement, and then characterize the non-classicality 
that precisely corresponds to entanglement. The results naturally follow from two findings: one is 
the general structure among non-classical, entangled, separable, and classical states over Hermitian 
operators, and the other a general scheme to detect non-classical states. 

PACS numbers: 



In the seminal paper of the quantum theory of hght, 
R. Glauber has shown that quantum systems reveal their 
non-classicality by non-positive quasi-probability distri- 
butions in phase space that classical systems fail to de- 
scribe [if. Not relying only on the correlational effects 
among quantum systems, the non-classicality was turned 
out to be the basis for various quantum effects. In last 
decades, quantum states having correlations that cannot 
be prepared by local operations and classical communi- 
cations have been extensively investigated with their es- 
sential role to outperform classical counterparts in infor- 
mation processing. 

The presence of the non-classicality is more primitive 
than entanglement as the non-classicality has to nec- 
essarily exist if entangled states can be generated Q. 
Or equivalently, multimode classical states can never 
be entangled, and all entangled states are already non- 
classical. For instance, the non-classicality of the ini- 
tial system is a quantity preserving under transforma- 
tions via linear optical elements [3| that are often used 
in entanglement engineering such as quantum computa- 
tion 0. Consequently, the pre-existing non-classicality 
dictates or already limit the entanglement that can be 
manipulated. Therefore, to have a precise estimate of 
the non-classicality in the connection to entanglement is, 
not only of theoretical interest, a line that allows to de- 
cide the intrinsic capability of given quantum systems in 
information processing. 

In this Letter, we characterize entanglement in terms of 
the non-classicality with the non-classicality measure in 
Ref . . The non-classicality that precisely corresponds 
to entanglement is refined. The result is derived from the 
geometry of quantum states over quasi-probability distri- 
butions, which is based on the non-classical states detec- 
tion method that we shall show later. These findings are 
also of fundamental importance, devoted to discovering 
the convex geometry of physical, separable and classical 



states out of Hermitian operators. 

This paper is organized as follows. We first introduce 
a map that detects all non-classical states. The map 
can also be translated to witness operators, that may be 
called as non-classicality witnesses. On using the map, 
we identify positive operators (i.e. physical states) out 
of positive s-ordered quasi-probability distributions. Re- 
markably, all the positive s-ordered quasi-probability dis- 
tributions, except the normally ordered one, do not nec- 
essarily correspond to physical states. This then leads the 
geometric refinement of the non-classicality that finally 
defines the entanglement parameter: the non-classicality 
depth of entanglement. 

Let us begin by introducing non-classical states and the 
non-classicality measure. Quasi-probability distributions 
in phase space are in general parameterized by the or- 
dering parameter s which takes values in [0, 1] and reads 
from the Glauber-Sudarshan P function (s = 0) to the 
Husimi Q function (s=l). A multi-mode state p can be 
uniquely written in terms of P function as Q , 
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where \zi) in the z-th mode are coherent states. When 
the P function has negative values, the state is referred to 
as non-classical. A non-positive P function can be trans- 
formed into a true(i.e. non-negative) probability distri- 
bution by the following regularization processing: 
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where < r < 1 and Ro[P]{a) ~ P{ct)- Note that once 
Rt[P] > it holds that R^'[P] > for all t' > r, from 
which the minimum r that regularizes a given P func- 
tion, denoted by Tm[p] throughout the paper, has been 
defined as a measure to quantify the non-classicality, and 
called as the non-classicality depth In fact, the reg- 

ularization with s corresponds to the transformation of 
quasi-probability distribution from the normally ordered 
representation to s-ordered one. The Q function is given 
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when s = 1, and can be expressed as, Q{a) = (a|p|a) > 
with coherent states basis \a). It is clear that Q functions 
are always non-negative. If a non-positive P function 
cannot be regularized with s < 1, it means that the Q 
function is non-positive and therefore there exists some 
coherent state |/3) that detects a negative expectation of 
the Q function, i.e. Q{l3) = {P\p\P) < 0. 

Lemma 1 . A Hermitian operator of unit trace is non- 
positive if it cannot be regularized by the transformation 
in Eq. 

It is clear that classical states form a convex set, since 
a convex combination of non-negative P functions is au- 
tomatically non-negative and thus constitutes a new P 
function of the corresponding mixed state. The convex 
structure implies that the characterization of the set of 
classical states can be hugely simplified by the so-called 
witness operators developed much in the entanglement 
theory. For Hermitian operators, the Hahn-Banach the- 
orem can be applied so that one can always find a Her- 
mitian operator W such that for all classical states cr, 
tr[iycr] > while tr[Vl^p] < for some non-classical ones 
p, which may be therefore called as non-classicality wit- 
nesses '^'|. 

Having collected two facts in the above, we now intro- 
duce the map that detects all non-classical states. Here, 
detection means that non-classical states are mapped to 
non-positive operators, so that the non-classical states 
are detected by negative expectation values. The map 
can be defined on the P function as follows, 

Aa[Piz^)]^Paiz.d^^P{-), (3) 

which in fact describes, for a G [0, 1], the state that has 
transmitted the beam splitter with transmittance T = 
a^. The expression of the map can also be obtained on 
the level of states by considering state transformation 
under the beam splitter and then taking a > 1. Note that 
non-negative P functions remain non-negative under the 
map Aq. 

Proposition 1. For a non-classical state p, there ex- 
ists a > 1 such that Aa[p\ ^ 0. 

Proof. For simplicity, let us introduce the character- 
istic function of p through the Fourier transformation of 
the P function, x{x) = / cPaP{a)e°'^ ~" ^. By regu- 
larizing P function with r, the characteristic function is 
transformed to i^T- (/?) = e"'^'''' xW)- The Bochner's the- 
orem tells that the regularized function is positive if and 
only if the characteristic function is positive definite ■ 

Suppose that the P function of a non-classical state 
p can be regularized to a positive distribution with t,„. 
The map Aq is applied to the state, and then the char- 
acteristic function denoted by XaiP) can be expressed 
as Xo(/3) = Now, we want to see the Ta^m that 

regularizes Aa[p\ on the level of characteristic function, 
Ka,rW) = e-'-^^^^'xaW)- Siuce Kr{l3) is positive iff 

T > T,n, Ka^r{P) is pOSitivC iff Ta > a?Tm, SO ]s Rr[Aa{P)], 



from which Ta^m = a^Tm- If a is large enough that 
Ta.m > 1, this implies that Aa[p] cannot be regularized 
and by the Lemma 1 means that non-positive. In partic- 
ular, a map A^ with a > l/y/r^ (which is larger than 1 
since r,„ < 1) can detect non-classical states having Tm- 
Since > for all non-classical states, the map Aq can 
detect all non-classical states. □ 

The proof in the above can also derive the useful rela- 
tion, Aa o Rr[P] — Ra^T ° [P] , that provides a geomet- 
rical structure of s-ordering representation as follows. 

Lemma 2. Let r™ [p] denote the non-classicality depth 
of state p. By the map A^ , the non-classicality depth is 
mapped to r„[AQ[p]] = a^Tmip]- 

The idea behind the map comes up with the fact that 
non-physical operations may cause certain effects that 
cannot be interpreted being physical. For instance, in 
the entanglement theory, non-physical operations such 
as positive but not completely positive maps detect all 
entangled states, exploiting negative expectation values. 
As such, the map Aq with a > 1 transforms non-classical 
states into operators providing negative expectation val- 
ues. Together with the Lemma 2, it can also be seen 
that the map is non-physical in that Aa with a > 1 de- 
scribes the reverse direction from the output to the input 
states, increasing the non-classicality depth, which is of 
course non-physical as a time-reversal processing. In this 
way, only classical states are not detected since their non- 
classicality depth is constantly zero. 

Example. A non-classical state that is not detecte d by 
the criteria shown in Ref.[lH was presented in Ref.[l2|. 
and its P function is, P{a) = f e"'"' — 5{a). We now 
apply the map Aq to detect that p is non-classical, 

ma[pm = ^4^exp[-^^] - bm-W] 

which is non-positive for a sufficiently large a.D 

Since the duality holds between linear maps and states, 
the map in Eq. ([3|) can be translated into, what we 
may call, non-classicality witnesses. For Aa[p\ that 
cannot be regularized, the Q function is not positive, 
meaning that there exists coherent state |/3) such that 
Q{P) = {(i\Aa[p]\l3) < 0. Being constrained to keep the 
expectation value the same, the dual map A* can be ob- 
tained and applied to evolution of the coherent state, 
Wp = A*[|/3)(/3|], such that tiipWf,] = tr[|/3)(/3|A,[p]]. 
Note that the collection of all can completely char- 
acterize the set of classical states, since i) classical states 
form a convex set, and ii) Aa detects all nonclassical 
states. Although coherent states are applied here due 
to the Q function, in general, any Hermitian operators 
that overlap with negative ranges of Aa[p] can be in the 
case. 

So far, we have seen quantum states in terms of posi- 
tive distributions in s-ordering representation, based on 
which the map A^ with a > 1 is shown to increase the 
non-classicality depth so that physical states are sent 
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FIG. 1: (A): Physical states are shown over the axis of 
the non-classicality depth. Positive operators(P) are only 
a subset from r = to t = 1, including the set of sep- 
arable states(5') which consists of all classical states. (B): 
The convex geometry of separable and classical states leads 
the entanglement parameter that takes into account the non- 
classicality, the NcDE in Eq. 0. 



away to non-positive ones. However, positive quasi- 
probability distributions do not mean physical operators 
in general. For instance, the Q function of the following 
operator, A = fc|0) (2| + |1) (1| + fc*|2) (0|, which is the unit 
trace and Hermitian but not positive, has the positive Q 
function, Qa{I3) = |fcp(/3 -t- /S*)^ > 0. In which value of s 
do positive quasi-probability distributions mean positive 
operators? In the below, s = is shown to be only the 
case. 

First, positive operators form a convex set includ- 
ing separable and classical states. Let us then show 
that there exists a non-positive operator that can be 
regularized with very small r in Eq. The non- 

classical state, p = (1 — e)|0)(0| -I- e|2)(2|, is arbitrar- 
ily close to the vacuum as e tends to 0. Applying the 



map, Aa[p] = Z]j=o'^iN)(*l ■^ith ro (1 - 260^ + ea^), 
ri = 2ea^(l — a^), and r2 = ea^. Note that the coeffi- 
cients ri are the eigenvalues of Aq [p] , meaning that Aa [p] 
becomes non-positive whenever a > 1 (since ri < 0). 
The regularization of Aa [p] is 



Rr[P]{z) = iexph^ 
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From the above, the depth of the non-classicality is 



which can be arbitrarily small for a > 1 by taking e 
tends to a very small number. In summary, this shows 
that outside the set of positive states there exists a non- 
positive operator which can still have a very small non- 
classicality depth. This leads the following conclusion. 

Proposition 2. For all s £ (0, 1], there exist positive 
quasi-probability distributions that may correspond to 
non-positive Hermitian operators. 



Based on the proposition in the above, plus that sepa- 
rable and classical states form convex sets, respectively, 
the positive operators can be drawn over the axis of the 
non-classicality depth as it is shown in FigH] Note that in 
general quantum states of the same non-classicality depth 
form a convex set. The FigH] is drawn as well based on 
the following facts. First, there are separable states hav- 
ing the unit non-classicality depth as Tm[pA ® Pb] = 1 
if and only if either Tm[pA] ~ 1 or Tm[ps] = 1. Sepa- 
rable states also consist of all classical states since clas- 
sical states are already separable. Next, there are en- 
tangled states having a non-unit non-classicality depth, 
which can be seen by the state. 



Pp=p|0+)(0+| + (l-p) 

where = (|00) + \ll))/V2 and / 
The regularization is given as 
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from which T„j[pp] — {l+p)/2 for the state. The state pp 
is separable iff p < 1/3. Hence, as the value p decreases 
from 1 to 0, T,„[/9p] does from 1 to 1/2, at which the state 
'''m[Pp] passes through the border between the separable 
and the entangled states when r = 2/3(or, equivalently, 
p — 1/3). All this constitutes the geometry of physical, 
entangled, separable, and classical states, show in Fig[T] 
Based on the convex geometry shown in Fig[Tl we are 
now ready to geometrically characterize what of the non- 
classicality corresponds to the correlational property, en- 
tanglement. This is inspired by a geometric entanglement 
measure, the robustness of entanglement in Ref. |13| that 
was based on the convexity of separable states. As such, 
here we are based on the convexity of classical states. For 
a multi-mode non-classical state p, since classical states 
are a subset of separable ones there always exists a sepa- 
rable state ps by admixing p with a classical a, as follows. 
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Note that ps hes on the boundary of separable states 
in FigH] Using the state ps, one can divide the non- 
classicality depth into two: one from entangled to sepa- 
rable states, and the other from the separable to classical 
ones. 

Definition. [The non-classicality depth of entan- 
glement (NcDE)] The NcDE of p with respect to the 
classical state a, denoted by 7Ve(p||cr), is Ne{p\\a) = 
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FIG. 2: The NcDE (plotted by x) of the state pp is fitted. 
Note that pp is entangled iff p > 1/3. The circle shows the 
non-classicality of the state for each p. The normalized NcDE 
is plotted by +, which is proportional to the entanglement 
parameter, negativity, N{pp) = (3p — l)/2. 



'Tm [p] — Tm [ps] , with the state found by Eq. ^ . 
NcDE of a state p is, 
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miiiiVe(p||f7), 
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where the minimization runs over the set of all classical 
states C. 

It is clear that by definition the NcDE of separable 
states is zero. Then, for an entangled state p, the non- 
classical depth is strictly larger than the ps defined in 
Eq. ([6]) for all classical states a. This can be seen by 
the inequality that for non-classical p and classical a, it 
holds Tm[p] > Tm[(l - e)p -I- ecr] for ah < e < 1. The 
details are shown in the appendix. Hence, the NcDE 
is an entanglement parameter firstly derived from non- 
classicality of quantum states. 

In general, to obtain the NcDE, one should minimize 
the iV(p||cr) over all classical states, and then has to ap- 
ply a separability criteria to obtain a separable state ps 
that is interpolated by p and a. Moreover, the optimiza- 
tion processing in the NcDE runs for all bosonic systems 
including non-Gaussian states, for virhich little is known 
about the separability criteria. It is thus generally hard 
to explicitly evaluate. 

To illustrate the NcDE with an example, let us now 
explicitly compute it for the state pp in Eq. Q . Since the 
optimization is hard in general, the NcDE is computed 
here with respect to the ansatz state, cr as follows. As it 
can be seen in Eq. ([5]), the state a that classicalizes pp 
should remove the non-positive part of the P function of 
Pp. That is, the P function of a is 
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Let p(/3) denote the mixture of pp with the classical state 
cr, — [pp + /3(t)/(1 -f fi), which is classical if and 

only if /3 > 7r^r^^(l + p— 2t)/2. Then, one can find the 
minimal value of Ps such that p(/3s) is separable. Note 



that Pp is defined in 2 (g) 2 dimensional Hilbert space and 
a is separable. Therefore, decomposing the state a with 
two-dimensional number basis {|0), |1)} and the rest, i.e. 
(2 (g) 2) subsystems are only relevant, one can apply the 
known separability criteria [l^. Finally, 
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The non-classicality depth of the state, r,„[p(/3s)], can 
be obtained by numerics, and the NcDE of the state is 
plotted in Figl2] The NcDE behaves similarly with the 
known entanglement measure, the negativity. 

To conclude, we provide the general method of detect- 
ing non-classical states and find the geometry of physi- 
cal states over positive s-ordered quasi-probability dis- 
tributions. It is shown that positive s-ordered quasi- 
probability distribution can generally correspond to non- 
positive operators. Together with the convexity of pos- 
itive operators, the set of positive (i.e. physical) states 
are characterized. Based on the geometry, we have fi- 
nally derived the entanglement parameter from the non- 
classicality, the NcDE. 
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Appendix 

We prove the inequality for a non-classical state p and 
a classical one a. 



i[p] > T,„[(l -e)p + i 



(10) 



for < e < 1, where defined as the minimum amount 
of thermal noise in the regularization processing: 



Rr[P]ia) 
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First, let Pp{z) denote the P-function of a non-classical 
state p, for which there exists the minimum value ti that 
the P-function is regularized, i.e. P^ [Pp\{z) > 0. Hence, 
we have ri = Tm[p]. 

Let T2 denote rm[(l — e)p + ea] for < e < 1 and a 
classical state cr, i.e. Pi-2[(1 — e)Pp + ePCT] > 0, where P^ is 
the P-function of a. Note that since a is classical Rt[(7] 
is positive for all r > 0. Also note that the regularization 
is linear, P^, [(1 - e)Pp + eP^] = (1 - e)P^^ [Pp] + cRr, [Pa] ■ 
This means that, by T2 in Ijlip. the function Pp is not yet 
regularized but transformed such that 



1 -e 



(12) 
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The rhs in p2|) is negative, meaning again that by T2 
in (ITlT) the P-function Pp is not regularized. Therefore, 
there exists the minimum value r > that regularizes 
i^^jPp], i.e. 

Rr[RrAPp]]>^- (13) 

Let us recall the identity Ra+b[P] = Ra[Rb[P\\- Hence, 
we arrive at the identity, for r > 0, ri = r + r2. It is thus 
proved that Tm[p\ > Tm[(l — e)p + ecr]. 
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